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Many properties of heavy nuclei can be described in terms of the statistical level density. Usually, 

the level density ρ(E,A), where E  and A are the energy and nucleon number, respectively, is given by the 

inverse Laplace transformation of the partition function Z(β,α). Within the grand canonical ensemble, the 

standard saddle-point method (SPM) is used for integration over all variables, including β, which is 

related to the total energy E. This method assumes large excitation energy U, so that the temperature T is 

related to a well-determined saddle point in the integration variable β  for a finite Fermi system of large 

particle numbers. However, data for the level density from many experiments also exist for regions of low 

excitation energy  U, where such a saddle point does not exist. Therefore, to simplify the calculations of 

the level density, ρ(E,A), we have carried out the integration over the Lagrange multiplier β in the inverse 

Laplace transformation of the partition function Z(β,α) more accurately beyond the SPM. However, for 

another variable related to the total particle number A, one can apply the SPM in a nuclear system with 

large A.  

We have derived  [1] the statistical level density ρ(S) as function of the entropy S within the 

micro-macroscopic approximation (MMA) using the mixed micro- and grand-canonical ensembles 

beyond the standard saddle point method of the Fermi gas model. This function can be applied for small 

and, relatively, large entropies S or excitation energies U of a nucleus. For a large entropy (excitation 

energy), one obtains the exponential asymptotic of the standard SPM Fermi-gas model, however, with the 

significant powers of 1/S corrections. For small S one finds the usual finite combinatorics expansion in 

powers of S2. Functionally, the MMA at linear approximation in 
2S U expansion, at small excitation 

energies U, coincides with the empiric constant “temperature” model (CTM), but was obtained without 

using free fitting parameters. Thus, MMA unifies the commonly accepted Fermi-gas approximation with 

the empiric CTM for large and small entropies S, respectively. The MMA clearly manifests an advantage 

over the standard full SPM approaches at low excitation energies, because of no divergences of the MMA 

in the limit of small excitation energies, in contrast to all of full SPM approaches, e.g., Bethe asymptotic 

and Fermi gas (FG) asymptotic. Another advantage takes place for nuclei which have much more states in 

the very low-energy states range. The values the inverse of the level density parameter a, K=A/a, were 

compared with those of experimental data for low energy states (LES) below neutron resonances (NRs) in 

spectra of several nuclei. The MMA results with only one physical parameter in the least mean-square fit, 

the inverse level density parameter K, is usually the better the larger number of the extremely low energy 

states, certainly much better than for the FG model in this case. The MMA values of the inverse level 

density parameter K for LESs can be significantly different from those of the neutron resonances within 

the FG model. We have also found [1] significant shell effects in the MMA level density for the nuclear 

LES range within the semiclassical periodic orbit theory (POT), which is based on the semiclassical time-

dependent propagator, enables determining the total level-density, energy, free-energy, and grand 

canonical ensemble potential, in terms of the smooth extended Thomas-Fermi (ETF) term and periodic-
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orbit-shell corrections. In particular, we generalized the known SPM results for the level density in terms 

of the full SPM generalized Fermi gas  (GFG) approximation accounting for the shell effects using the 

POT. Exponential disappearance of shell effects with increasing temperature was analytically studied 

within the POT for the level density. A shift of the entropy S, and the inverse level density parameter K 

due to shell effects were also obtained at large temperature, but much smaller than the chemical potential. 
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